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Abstract. Using Pathak and Pathak techniques, the basic functionDα(u, v, w)
associated with general novel fractional wavelet transform (GNFrWT)is defined
and its properties are investigated. By using basic function Dα(u, v, w) transla-
tion and convolution associated with GNFrWT are defined and certain existence
theorems are proved for basic function and associated convolution.
1. Introduction
The general novel fractional wavelet transfrom (GNFrWT) of a function h(t)
with respect to wavelet φ can be defined as [1],
(W αφ h)(a, b) =
∫
R
h(t) φαa,b(t) dt, (1.1)
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where
φαa,b(t) = e
(−i/2)(t2−b2)cotθ|a|−ρφ
(
t− b
a
)
; a ∈ R+ , b ∈ R and ρ ≥ 0. (1.2)
The inversion formula for (1.1) with respect to the e(−i/2)(t
2
−b2)cotθ φa,b(t) can be
given as
h(t) =
1
cφ
∫
R
∫
R
(W αφ h)(a, b)φ
α
a,b(t)|a|2ρ−3dbda, (1.3)
where
O < Cφ =
∫
R
|φˆ(ω)|2
|ω| dω <∞. (1.4)
If α = 1, the GNFrWT , correlate with the wavelet transform (WT). As [1] , the
GNFrWT can be expressed as in terms of the fractional fourier transform Hα(v)
of the signal h(t).
(W αh )(a, b) =
∫
R
√
2pi a−ρ+1Hα(v)φˆ(avcosecθ) K−α(v, b)dv (1.5)
where φˆ(avcosecθ) indicates the fourier transform of φ(t). Also, the GNFrWT can
be rewritten as [1]
(W αφ h)(a, b) = e
(−i/2)b2cotθ
∫
R
h(t)e(i/2)t
2cotθφa,b(t)dt. (1.6)
Theorem 1.1. ( Parseval formula). If wavelet φ ∈ L2(R) and (W αφ h)(a, b) is the
GNFrWT of h ∈ L2(R) , then for any function h, g ∈ L2(R) ,
∫
R
∫
R
(W αφ h)(a, b) (W
α
φ g)(a, b) |a|2ρ−3dbda = Cφ(h, g). (1.7)
where
O < Cφ =
∫
R
|φˆ(ω)|2
|ω| dω <∞.
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Proof 1. By using (1.5),we have
W αφ (h)(a, b) =
∫
R
√
2pi a−ρ+1Hα(h)(u)φˆ(aucosecθ) K−α(u, b)du (1.8)
W αφ (g)(a, b) =
∫
R
√
2pi a−ρ+1Hα(g)(v) φˆ(avcosecθ)K−α(v, b)dv (1.9)
from (1.8) and (1.9), we get
∫
R
∫
R
W αφ (h)(a, b)W
α
φ (g)(a, b) |a|2ρ−3dbda =< h, g > Cφ. (1.10)
Theorem 1.2. (Inversion Formula ) If wavelet φ ∈ L2(R) and (W αφ h)(a, b) is the
GNFrWT of h ∈ L2(R) , then the reconstruction of h is given by
h(u) =
1
Cφ
∫
R
∫
R
(W αφ h)(a, b)φ
α
a,b(t) |a|2ρ−3dbda (1.11)
Proof 2. By using (1.10) for h = g , then we can find (1.11).
This paper is arranged in the following manner :- In the next section, we define
basic function Dα(u, v, w), translation and associated convolution for GNFrWT.
In the last third section, we obtained and established the certain existence theorem
and convolution theorem , by using Pathak and Pathak techniques [6]
2. Basic function , translation and associated convolution for
GNFrWT
Now, by using Pathak and Pathak techniques [6], we define the basic function
Dα(u, v, w) , translation ταu and associated convolution #
α operators for GN-
FrWT.
The basic function Dα(u, v, w) for (1.1) is define as
W αφ [D
α(u, v, w)](a, b) =
∫
R
Dα(u, v, w)φαa,b(t)dt
= ψαa,b(w) χ
α
a,b(v), (2.1)
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where ψα, φα and χα are three fractional wavelets satisfying certain conditions
(1.2).
Now, by using(1.3) we get,
Dα(u, v, w) = C−1φ
∫
R
∫
R
ψαa,b(w) χ
α
a,b(v) φ
α
a,b(u) |a|2ρ−3dadb. (2.2)
The translation ταu is defined as [6]
(ταu h)(v) = h
∗(u, v) =
∫
R
Dα(u, v, w)h(w)dw
= C−1φ
∫
R
∫
R
∫
R
ψαa,b(w) χ
α
a,b(v) φ
α
a,b(u) h(w)|a|2ρ−3dadbdw.
The associated convolution is defined as
(h#αg)(u) =
∫
R
h∗(u, v)g(v)dv
=
∫
R
∫
R
Dα(u, v, w) h(w) g(v)dvdw
= C−1φ
∫
R
∫
R
∫
R
∫
R
ψαa,b(w) χ
α
a,b(v) φ
α
a,b(u)h(w)g(v) |a|2ρ−3 dadbdwdv.
(2.3)
Example 2.1. Basic function Dα(u, v, w) for general novel fractional
morlet wavelet transform
Let ψ(t) = χ(t) = φ(t) = eiwot−
1
2
t2 be a morlet wavelet [2] . Then the general novel
fractional morlet wavelet transform is given by φαa,b(t) = |a|−ρeiwo
(t−b)
a
−
1
2
[ (t−b)
a
]
2
.
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Now, from (2.2)
Dα(u, v, w) = C−1φ
∫
R
∫
R
e(i/2)(w
2+v2−u2−b2)cotθψa,b(w) χa,b(v) φa,b(u) |a|2ρ−3 dadb.
= C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
∫
R
e(−i/2)b
2cotθ e−iwo
(w−b)
a
−
1
2
(w−b)2
a2
×e−iwo (v−b)a − 12 (v−b)
2
a2 eiwo
(u−b)
a
−
1
2
(u−b)2
a2 |a|ρ−3dbda
= C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
∫
R
e(−i/2)b
2cotθ
×e(itwo)(b+u−w−v) e−t2 (w−b)
2+(v−b)2+(u−b)2
2 |t|ρ+1dtdb
= 2C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
∫
R
e(−i/2)b
2cotθ cos [wot(b+ u− w − v)]
×e−t2 (w−b)
2+(v−b)2+(u−b)2
2 |t|ρ+1dtdb
= C−1φ e
(i/2)(w2+v2−u2)cotθ Γ(1 + ρ/2)2(1+ρ/2)
×
∫
R
[(w − b)2 + (v − b)2 + (u− b)2]−1−ρ/2
×e(−i/2)b2cotθ1F1(1 + ρ/2; 1/2; −w
2
o(b+ u− w − v)2
2[(w − b)2 + (v − b)2 + (u− b)2]db, ρ > 0,
by [ [4],p.15(14)] where 1F1(a; b; u) is confluent hypergeometric function.
Example 2.2. Basic function Dα(u, v, w) for general novel fractional
mexican hat wavelet tansform
The corresponding Mexican-Hat wavelet [2] is ψ(t) = χ(t) = φ(t) = (1 − t2) e−t
2
2
. Then the general novel fractional mexican hat wavelet transform is given by
φαb,a(t) = |a|−ρ
(
1− (t−b)2
a2
)
e
−(t−b)2
2a2 .
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Now by using (2.2), we have
Dα(u, v, w) = C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
∫
R
e(−i/2)b
2cotθ
(
1− (w − b)
2
a2
)
×
(
1− (v − b)
2
a2
)(
1− (u− b)
2
a2
)
×e(−1/2a2)((w−b)2+(v−b)2+(u−b)2)dbda.
= C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
e(−i/2)b
2cotθe(−t
2L/2) tρ+1
×(t4 −Nt2 +M)dtdb.
= C−1φ e
(i/2)(w2+v2−u2)cotθ
∫
R
e(−i/2)b
2cotθdb(−1/2)(−1)ρ+1
×
(
Γ((ρ+ 6)/2)(L/2)−(ρ+6)/2 − Γ((ρ+ 4)/2)N(L/2)−(ρ+4)/2
+Γ((ρ+ 2)/2)M(L/2)
−(ρ+2)
2
)
by [ [4],p.313(13)] , where ρ > 0, L = [(w − b)2 + (v − b)2 + (u− b)2],
M = [(u− b)2(v − b)2 + (u− b)2(w − b)2 + (v − b)2(w − b)2]and
N = [L+ (u− b)2(v − b)2(w − b)2].
In the following section we have obtained boundedness result for the basic func-
tion Dα(u, v, w) and then establish existence theorem for the general novel frac-
tional wavelet convolution and prove W αφ (h#
αg) = (W αψ h)(W
α
χ g).
3. Existence Theorems
First we obtain boundedness results for the basic function Dα(u, v, w).
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Theorem 3.1. Let (1 + |z|ρ)φ(z) ∈ Lp(R), χ ∈ Lq(R), 1
p
+ 1
q
= 1 and
(1 + |z|ρ)ψ(z) ∈ L1(R), ρ ≥ 0.Then
|Dα(u, v, w)| ≤ 2ρ+ 1pC−1φ |v − w|−
1
q |u− w|− 1p−ρ ‖χ‖q ‖(1 + |z|ρ)φ(z)‖p
× ‖(1 + |z|ρ)ψ(z)‖1 , (3.1)
where O < Cφ =
∫
R
|φˆ(ω)|2
|ω| dω <∞.
Proof 3. From (2.2), we have
|Dα(u, v, w)| = |C−1φ
∫
R
∫
R
|a|−ρ e(−i/2)(w2−b2)cotθ ψ
(
(w − b)
a
)
|a|−ρe(−i/2)(v2−b2)cotθ
×χ
(
(v − b)
a
)
|a|−ρ e(−i/2)(u2−b2)cotθ φ
(
(u− b)
a
)
|a|2ρ−3dbda|
= C−1φ
∫
R
∫
R
|ψ
(
(w − b)
a
)
| |χ
(
(v − b)
a
)
| | φ
(
(u− b)
a
)
| |a|−ρ−3dbda
(3.2)
By using Theorem 2.1 [6] we get the required result.
Theorem 3.2. (i) Let ψ ∈ L1(R), φ ∈ Lp(R), χ ∈ Lq(R), p, q, > 1, 0 < ρ < 1 and
1
p
+ 1
q
= 1 + ρ.Then
∫
R
|Dα(u, v, w)|dw ≤ C−1φ C(p, ρ) |u− v|−ρ ‖ψ‖1 ‖φ‖p ‖χ‖q , (3.3)
where C(p, ρ) is a constant.
(ii) Let ψ ∈ L1(R), (1 + |y|ρ−1)φ(y) ∈ L1(R), (1 + |y|ρ−1)χ(v) ∈ L1(R),and
ρ ≥ 1.Then
∫
R
|Dα(u, v, w)|dw ≤ C−1φ 2ρ−1 |u− v|−ρ
[∥∥φ(x)xρ−1∥∥
1
‖χ‖1 +
∥∥χ(y)yρ−1∥∥
1
‖φ‖1
]
× ‖ψ‖1 . (3.4)
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Proof 4. From (3.2) and using Theorem 2.2 [6] the required results follows.
Theorem 3.3. (i).Let ψ ∈ Lp(R), φ ∈ L1(R), χ ∈ Lq(R), p, q, > 1, 0 < ρ < 1 and
1
p
+ 1
q
= 1 + ρ.Then
∫
R
|Dα(u, v, w)|du ≤ C−1φ C(p, ρ) |v − w|−ρ ‖ψ‖p ‖φ‖1 ‖χ‖q . (3.5)
(ii).Let φ ∈ L1(R), (1 + |x|ρ−1)χ(x) ∈ L1(R), (1 + |x|ρ−1)ψ(x) ∈ L1(R),and
ρ ≥ 1.Then
∫
R
|Dα(u, v, w)| du ≤ C−1φ 2ρ−1 |v − w|−ρ
[∥∥ψ(x)xρ−1∥∥
1
‖χ‖1 +
∥∥χ(x)xρ−1∥∥
1
‖ψ‖1
]
× ‖φ‖1 . (3.6)
The proof is similar to that Theorem 3.2 .
Theorem 3.4. (i).Let ψ ∈ Lq(R), φ ∈ Lp(R), χ ∈ L1(R), p, q, > 1, 0 < ρ < 1 and
1
p
+ 1
q
= 1 + ρ.Then
∫
R
|Dα(u, v, w)|dv ≤ C−1φ C(p, ρ) |u− w|−ρ ‖ψ‖q ‖φ‖p ‖χ‖1 . (3.7)
(ii).Let χ ∈ L1(R), (1 + |x|ρ−1)φ(x) ∈ L1(R), (1 + |x|ρ−1)ψ(x) ∈ L1(R),and
ρ ≥ 1.Then
∫
R
|Dα(u, v, w)| dv ≤ C−1φ 2ρ−1 |u− w|−ρ
[∥∥ψ(x)xρ−1∥∥
1
‖φ‖1 +
∥∥φ(x)xρ−1∥∥
1
‖ψ‖1
]
× ‖χ‖1 . (3.8)
The proof is similar to that Theorem 3.2
Theorem 3.5. Let φ ∈ L1(R), ψ ∈ Lp(R), χ ∈ Lq(R), p, q > 1, 0 < ρ < 1,
1
p
+ 1
q
= ρ+ 1, h ∈ Lr(R) and g ∈ Lr′(R), r, r′ > 1, 1
r
+ 1
r′
+ ρ = 2.Then
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||(h#αg)||1 ≤ C−1φ C(ρ, p, r) |||φ|1||ψ||p||χ||q||g||r′||h||r
where Cφ is given by (1.4) and C (ρ, p, r) is a constant.
Proof 5. we have
∫
R
|(h#αg)(u)|du ≤
∫
R
(∫
R
|h∗(u, v)| |g(v)|dv
)
du
=
∫
R
|g(v)|dv
∫
R
|h∗(u, v)|du
≤
∫
R
|g(v)|dv
∫
R
(∫
R
|Dα(u, v, w)| |h(w)|dw
)
du
by using above Theorem 3.3, we get
∫
R
|(h#αg)(u)|du ≤ C−1φ C(p, ρ) ||φ||1 ||χ||q ||ψ||p
∫
R
|g(v)|dv
∫
R
|h(w)| |v − w|−ρ dw
Therefore, by using Theorem 2.5 [6] , we get the required result.
Theorem 3.6. Let φ ∈ L1(R) ∩ L∞(R), χ ∈ Lq(R), ψ ∈ Lp(R), p, q > 1, 0 <
ρ < 1, 1
p
+ 1
q
= ρ + 1 .Assume further that h ∈ Lr(R), g ∈ Lr′(R), r, r′ > 1 and
1
r
+ 1
r′
+ ρ = 2 . Then
W αφ (h#
αg)(a, b) = (W αψ h)(a, b)(W
α
χ g)(a, b)
Proof 6. By using above Theorem 3.5 , (h#αg) ∈ L1(R) .As given basic wavelet
φ ∈ L1(R) ∩ L∞(R),W αφ (h#αg)(a, b) exist.
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From (2.1), we have
W αφ (h#
αg)(a, b) =
∫
R
(h#αg)(u)φα
(
u− b
a
)
|a|−ρdu
=
∫
R
φα
(
u− b
a
)
du
∫
R
∫
R
Dα(u, v, w)h(w)g(v) |a|−ρdwdv
=
∫
R
∫
R
h(w)g(v)dwdv
∫
R
Dα(u, v, w)φα
(
u− b
a
)
|a|−ρdu
=
∫
R
∫
R
h(w)g(v)dwdv ψαa,b(w) χ
α
a,b(v)
=
∫
R
h(w)ψαa,b(w)dw
∫
R
g(v)χαa,b(v)dv
= (W αψ h)(a, b)(W
α
χ g)(a, b)
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